TMA1101Calculus, Trimester2, 2015/2016 Topic 3: Limits and Continuity

TOPIC 3: Limitsand Continuity
A.  LIMIT OF A FUNCTION

1. Definition of Limit

[ ntuitive Definition:
Let f be a function defined on an open intervallf) containingc, except possibly at

itself. If f(x) gets arbitrarily close to a numberfor all x sufficiently close toc (on
either side ofc) but not equal ta, then we say that approaches the limit as x
approacheg, and we write

lerrl f(x)=L or

f(xX) - Lasx - c.

and say “the limit off X ) asx approacheg, equalsL .
(Sometimes, we even say in a shorter form: the lofi atcisL.)

Example: Find the limit of 3x* — 1asx approaches 0.

X f(X) X f(X)
-0.1 -0.97 0.1 -0.97
-0.01 -0.9997 0.01 -0.9997
-0.001 -0.999997 0.001 -0.99999Y
-0.0001 -0.99999997 0.0001 -0.99999997

Asx - 0,f(x) - —1. So,lirr(1)(3x2 ~1)=-1
If no such numbeL exists, we say that has no limit atc (i.e. lim f (x)does not exist).

Notice that the limit does not depend on how thecfion is defined at. The limit may
exist even if the value of at c is not known or undefined.

Example:
2 7 2 <
Find the limit of g(x) = {XZX 2 and the limit ofh(x) = {X X 2 asx approaches 2.
X = , X >
Solution:
_ ¥ i
¥ = glx) \ : /! y=h)
\ /
\ o ¢
llI
\ 4 ?
i | o
HMH.—!";‘.

Iirr12h K Yoes not exist
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Example:
¥ ¥ W
2+ / 2+ / 2+
| / | /¢ 1
/ Ly / Ly / Ly
| 0 1 1 0 1 1 0 1
g | '—’f:ﬂ~ |
{a) fix) = =1 (b} gix) = {c) hix)=x+1
1, x | (T*)
Iirq f(x)=2, Iinl gx)= 2 Iinl h(x) = 2
Definition:

More formally, we say that the limit of (x) as x approachesis L if for every number

£ >0 there is a corresponding numh®r o, >

2.

s@ch that

|f(X)—L|<£ whenever0<|x—q<5

Limit Laws

[For our course, thisformal definition will not be used.]

Supposdim f(x) =L andlimg(x) =M.

1.

a & WD

Unigueness:

Sum Rule:

Difference Rule:
Product Rule:
Constant Multiple Rule:

Quotient Rule:

Power Rule:

Root Rule:

lim f (x) =K implies K =L, i.e. a function has &

most one limit at a particular number

Ixirrl[f (x) +g(x)] = lim £ (x) +1im g(x) = L + M
Ixi;rl[f (x) - 9(¥)] = IXiFrg (%) —lxin g(x)=L-M
im{ £ () g00] = lim 1) im g(x) = LM
Iigrlkf(x)=kEﬂi[rl}(x):kEL forany kR

lim f(x)
im Y = X=C :L providedM # 0O
xeg(x) limg(x) M

lim[ f(x)]" =L", na positive integer
limg/ f(x) = YL=L , N a positive integer

[ If nis even, we assume thian f(x)=L> ] 0

1t

Gan you state the above rules verba)ly
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Some easy and useful limits:

a) ima=a
X—-C

b) limx=c
X-C

C) limx" =c" , wheren is a positive integer
X-C

d) limYx =%c , wheren is a positive integer
X—-C

(andnfis even, we assume tl@at 0)

We shall try to use the above rules and easy limitse following examples.

Example:
Evaluate the following limits, if they exist.
: . X=2 . X=2
a lim{x* - 4x+1 b lim c lim
) xlﬁz(x X ) ) L3 X+ 2 ) xlqz X2 =4
_X=2 o ox¥+2x* -1 . ox-1
d lim e im ——— lim
)om x* -4 ) 5-3x ) x-1x% =1
g lim2=tt h  lim vax? -3 ) limaX+itd
x-14x° -1 X =2 X—0 X
2 —
i) Iingw k) limy2x* -3 ) Iiml(xz ~2)”°
X— X X— X
Solution:

Warning: If the instruction requires you to show some steps, you must do so or else
you would lose marks.

lim(x? - 4x +1) = lim x* ~ lim 4x +lim 1
X2 X2 X-2

X2 ﬂirr;xzzlime]irr;x:2E2=4]

a) ]
=22-4(2)+1=..=-3 x-2x

b) Iirr;(x—Z):Iirr;x—Iirrlzz?)—Z:l
Iin;(x+2)=Iirr;x+|in;2:3+2=5¢0
x-2_lIm(x=2) 1

im =X =
x-3 X+ 2 Im;(x+2) 5

Sometimes, when you feel confident that the quotiele can be applied, you may write
the steps as:

pxo2 M) lmx-im2 g5 3
x-3X+2 Iirr;(x+2) Iirr13x+|irr132 3+2 5

(Sometimes one skips even more steps.)
X—2 Iim(x— 2) 1
A shorter way :lim = x=3 == [This way shows onlgne intermediate stelp
x=3 X+ 2 Ilrr;(x+2) 5
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The shortest way: lim X ~2

1 [This way does not show any step at all; ahéy
x-3x+2 5

dirmnswer is shown.]
Compare c¢) and d).

oX=2 . X—2 . 1 1
c) lim—; =lim =lim = =
x-2X° =4 x-2(X=2)(x+2) x-2x+2 2+2

x-2 lIm(x=2) 3.5 1

d) Iim =2 ===

x-3 x? —4 I|m(x -4) 3-4 5
X=2 . 1 1 1

-2 .
Compare W|tH|m =lim——————=Iim == ==
3x* -4 x-3(x-2)(x+2) x3x+2 3+2 5

e)
f) Iirrl x2—1 (Why can’t the quotient rule be applied?)
X-1 ¥X< —
x-1_. x-» . 1 _ 1 1
lim— lim =lim =— ==
x-1x° =1 x-1(x+1)(x-1) x-1x+1 Iqu(x+1) 2
9)

h) l[rrjzx/4x2 -3=,/4(-2)%-3=...=13

) Iim\/x+1—1_” Jx+1-1 \/x+1+1

critical step used
x-0 X X0 X \/x+1+1 @ ep used)

??77?

= lim——-
X0 ¥ x+1+])
2?27

= lim———=
x0 277

im (4+x)*-16 _ . 16+8x+x°-16

lim
X-0 X X-0 X
. i ??
) =lim >
=im( )=

K)
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Direct Substitution Property

L imits of Polynomials
If p(x)=a,x"+a,_x""+---+a, is a polynomial, then

lim p(x) = p(c) = a,c" + an_lcn—l rota,.

Limits of Rational Functions
If p(x) andq &) are polynomials andj(c) # ,Ghen

iim PO A PXI _ ()
<eq()  lImak) ~ o(©)

Example: p(x) =4x®-5x*+3x-4
|ing(4x3 ~5x2 +3x - 4) = 42)° - 5(2) + 3(2) -4 =14, which is p (2).

im p(x) = p(2)

Examples: ‘Good case’
A -5x*+3x-4 _
lim =
x-2 2x—-1
Iirr12(2x—1) =3#£0

2?72

i 4X3 _5X2 +3x-4 _ Ll[r;(4x3 _5X2 +3X_4) _ 4(2)3 _ 5(2)2 + 3(2) -4 :E'
X2 2x-1 Iirr12(2x—1) 22) -1 3

4x3—5x2+3x—4:

‘Bad cases’ (i)lim ??7?
X=2 2X—4
lim(2x-4)=0
X—2
2
. X°—4
@ilim =?7??
x-22X—4
Another useful limit
. inx .
I|rr(|)S—:1 (see note 1) Reminder:
x-0 X
lim siné _ 1 (¢ in radians)
g—o @

1 The derivation of this limit can be found in Steti@Calculus, Thomas’ Calculus and also other teokis.




TMA1101Calculus, Trimester2, 2015/2016 Topic 3: Limits and Continuity

Example:

Evaluate the following limits, if they exist.

a) lim SINX b) im (x=2)sinx
x-0 2% x-0 3x

3. Sandwich Theorem (Also known asSqueezing Theorem or Pinching Theorem)

Sandwich Theorem

If f(x)<g(x)<h(x) for all x in an interval containing a numbar, except possibly g
a, andlim f(x) =limh(x) =L, then

limg(x)=L.
Example:
a) If x—x*<g(x)<4-3x forall x, find Iing(x).
b) Evaluatelim x? sinl.
X~ X

Solution:
a) Sincelim (x - x?) =-2, lim(4~3x) = -2, andx~ x* < g(x)<4-3x,

by the Sandwich theoreﬁn; gx)=- .2
b) -1< sin1 < 1, for all x exceptx = 0. Hence

X
2 2 i 1 2
-x* < X*sin=< X
X
Since Iing(—xz) =0=lim x?, by the Sandwich theorem,

) B
lim x%sin==0.
X-0 X

A mor e gener al example

For any functionJim | f (x)|= Gmplieslim f(x)= 0
Since-|fX) | f(X)<|f &)|landlim=] f(x)|=lim|f(X)] = 0
by the Sandwich theoretim f(x) = .0

—
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3. One-sided Limits

Let f be a function defined on an open inter(/rald). If f(x) gets arbitrarily close to
numberL as x approaches from within (c,d), i.e. x approacheg from the right,
then we say that has aight-hand limit L at c, and we write

lim f(x)=L or f(x) -~ L asx - c".

Note that howf X )is defined forx < c plays no role in this case.
X - ¢"” means that we consider only valuesxahat are greater than

Similarly, if f is defined on an open intervéﬂ, c) and gets arbitrarily close to a numf
M as x approacheg from within (b, c), i.e. x approacheg from the left, then we sa
that f has deft-hand limit M at ¢, and we write

lim f(x)=M or f(x) - M asx - c™.

As in the previous case, hdwx (i9 defined forx = ¢ plays no role in this case.
“X - ¢~ " means that we consider only valuescdhat are greater tham

Der
y

Theorems:

a) The Limit Laws and The Sandwich Theorem are aldwl ¥ar one-sided limits if
X — cis replaced byx — c”or x - ¢’ respectively

b) lim f(x) =L if and only if lim f(x) = lim f(x)=L.
[This would be very useful when dealing with piesewdefined functionls

Example:
Determine if the limits exist.
- _ | x+2,x<0 ; : :
(')f(x)_{x—1x>o a)lljg,f &) b) X“jgf(X) ¢) lim f (x)
.. _|9x=1Lx<4 . . .
(if) f(X)—{4X+3'X24 a)xlljg_f &) b) X[fgj(X) ¢) lim f (x)
Solution:

X+2,x<0
YR (9=1
LY S (9 {HPO

a) Iirgﬁ f(x)= Iirgﬁ(x+2) =2 b) Iirg f(x)= Iirg(x—l) =-1

c) Sincelim f(x)# lim f &) |in‘(l) f (x) does not exist.
- x-0* X

X0
.. oX-1x<4 . .
i) f(x)= a lim f(xX) =Ilim(Bx-1)=20-1= 19
(i) () {4X+3’X24 ) lim £(9 = Jim 5x-1)
b) lim f(x) = lim (4x+3) =16+3=19
X 4" X 4"
C) Thusjirrl f X )exists becausdén}_ f(x) = Iin} f(X.
IirrJ1 f(x)=19
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For a real numbexk , ij is the largest integer less than or equaktoFor example,
|2]= 2| 25|=2,|- 25]=-3. The function f (x) =| x| is called theloor function.

For a real number , fx} Is the smallest integer greater than or equad.téor example,
[2]= 2] 25]=3[- 25]=-2. The function f (x) =[ x| is called theeeiling function.

The floor function

(T%)
The graph of the least integer functi
y =|x] lies on or above the ling = x, so

it provides an integer floor fot

The ceiling function

(T%)
CPhe graph of the least integer functi
y =[x] lies on or above the ling = x, so

it provides an integer ceiling for

Example:
Evaluate each of the following limits, if it exist§it does not exist, explain why.

.| x=2| : :
a) lefnzﬁ b)')('[nzl_xj C)L'[“JX-‘
Solution:

- -(x=2), if x<2

a) lim1*~2l x-2={ 72 ]

X-2 X —2 Xx=-2, ifx=2
jim X221 i =22 i cp =1
X2~ X—2 X2 — X—2"
im X721 im X722 jim 121
x-2" X—2 x-2" X — x-2°
.| x=2] .
Ilrr; does not exist. (Why?)
X-2 X —

b) Iirr;|_xj

For x<2 and near 2, x |=1.

For x> 2 and near 2, x| =2
¢) lim['x]

For x< 2 and near 2 x| =2.

For x> 2 and near 2 x|="? Solin;]_x—\

Solim|x|=
x-2F

Solirr;_\_xj =lim1=1

im2=2

X-2"

Sojim|x|= im 2=2

=77
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B. CONTINUITY

1. Continuity Test

For a functionf that is defined at least on an open interval abautmberc, we say tha
f iscontinuousat c if and only if

=

w N

f(c) exists

(i.e.the value off(c) is defined this condition is not necessary

for the existence of limit

lim f (x) exists; and
lim f(x) = f(c).

[Summarized: “limit of at ¢ equalsf q 7]

If f is not continuous at, we say thatf is discontinuous at. In this casec is said to
be a discontinuity off .

When a functionf is discontinuous at, what sort of situation could occur?

Example:
Determine whether the following functions are countius ak = a.
a) f(x)=4x*+2x+1,a=0 b)f()—2X+§ a=2
Lt x#0 2
c) f(x)=1x2 ©a=0 d)f()——xz,azz
1if x=0
2 — —
X =x-2 if X#2
e) f(x) =1 X2 ra=2
3 if x=2
Solution:
a) f(x)=4x*+2x+1;, a=0
Since (i)f (x) is defined ak =0 with f(0) = 1
(ii)|irrg f(X) exist with Iirr?) f(x) =1, and
(iii)Iirrg) f(x) = f(0),
f(X) = 4x® + 2x+1 is continuous aa = 0.
b) f( )— 2x+ j a=4% f (2)undefined.  Conclusion?
i it x#0
c) f(x)=<x? ;a=0 f(0)=1 [f(0)is defined]
1if x=0
I|mi does not exist. Conclusion?
x~0 x?
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d f(x)==—":a=2  f(2) undefined. Conclusion?
X

This function is not the same gg§x) = x+ . \Why???

2 iy
X—X2 if xX#2
e) f(x)={ X~2 a=2
3 if x=2.
[This function is the same af(x) = x+ .Vthy???]
F@2) =3, im0 =lim>*"*"2 = =lim(x+1) =3
- ) _x-'2 X—2 _."_va B

2. Continuity Rules

Theorem
If the functions f and g are continuous at , then the following functions are

continuous ah.

Sum: f+g
Difference: f-g
Product: flg

Constant Multiple: ~ c[f foranycOR

a A wWwN B

Quotient: é providedg(a) # 0

Theorems and Observations:

1. Any polynomial is continuous everywhere, i.eisicontinuous orkR = (—co, 00 .)

2. The functions sii and cos< are continuous at any number

3. The function tax is continuous everywhere EXCEPTﬁ%,i%,iS—n,---

2
1 . .
4. f(X) =———Iis continuous everywhere except at the nunther
X—C
Indeed|lim f (x) does not exist.

5. Any rational function is continuous whereveisitlefined; that is, it is continuous
on its domain.

6. The following types of functions are continu@i®very number in their domains:
polynomials rational functions
root functions trigonometric @ions

Examples. On what intervals is each function continuous?

f(X) =x*"2-12x>" +1900, g(x) = ;(—+l
X< —2X

COSX
3+sinx

, h(x):\/;+i’ m(x):
X—2

10
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3. Composite of Continuous Functions

Theorem:
If f is continuous ab, and g is continuous atf (a), then the compositgo f is

continuous a@.

This theorem is often expressed informally by sgyancontinuous function of a
continuous function is a continuous function.”

Example:
Determine whether the following functions are couatus.
1
a) h(x) = cosi®) b) K(X) =———
VXx*+9-5
Solution:

a) We haveh(x) = g(f X )) where

f (x) = x* and g(x) = cosx
Now f is continuous ok since it is a polynomial, anglis also continuous everywhere.
Thus,h =go f is continuous omR by the above theorem.

b) Notice thak can be written as the composition of four functions
k=rohogo f or k(x)=r(h(g(f(x)))

where r(x) :%, h(X) =x=5, g(X) =/, f(x)=x+9

We know each of these functions is continuous ®udmain, so by the above theordm,
is continuous on its domain, which is

{XOR[V/X2 +9 #£5} = {x| x# #4} = (~00,~4) 0 (~4,4) 0 (4,0)

Example:

Find the following limits if they exist. (Here, ttp make use of continuity of a function.)
a) Iirr;5cos(x2 -9) b)lim 2sin® x- 3

4. Continuity on an interval

Before discussing the continuity of a function onigterval, we need to discuss one-sided
continuity.

Definition: Continuity from theleft and right (One-sided continuity)

A functionf iscontinuousfrom theleft at the point a if the following conditions are
satisfied:
1. f(a) is defined.

2. lim f(x) exists.

X—a

3. lim f(x) = f(a)

X—a

11
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Similar definition for
- f iscontinuousfrom theright at the pointa

Definition: Continuity on an interval

- Afunctionf iscontinuouson the open interval (a,b) if f is continuous at all points
of the open intervalgb) .
- Afunctionf iscontinuouson theclosed interval [a,b] if f is continuous on the
open interval ,b), continuous from the right atand continuous from the left lat
- “f is continuous or{—,»)” means “f is continuous everywhere”.

Example

f(x) =

-X if x<O0
x if 0sx<1l
x+1 if x>1

Find each of the following, or, if it does not exisxplain why.

@ i

Example

(%)

(b) lim 1 &)
Discuss continuity of on intervals.

€ f @ (dlim T )

Where are each of the following functions discambius?

(a) f(x):xz_—_
X —

(©)h(x) =

X—=2
2
X2 —x=2
X—2
3 if x=2

if x#2

2 _y_
X—X2 if xX#2

(byg(x)={ X2

2 if x=2.

Discuss continuity of the functions on intervals.

5. Intermediate Value Theorem for Continuous Functions

/_\\Ff(x)

fik)

/

fla)

/

a &

Supposef is a continuous function on a clos
interval [a, b] . If k is a number such th
f(a)<k< f(b) or f(b)<k< f (a), then there is
a numberc 0 (a,b) with f(c) =k.

[Note: This theorem does not tell us wieas. |

ed
At

D

12
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Example:
Show that there is a root of the equatix —6x° +3x—2 =0 between 1 and 2.
Solution:

Let f(x)=4x%-6x*>+3x-2.
f is continuous on the closed interval [1, 2]. fis continuous since it is a polynomial.]
f@=4-6+3-2=-1<0
f(2)=32-24+6-2=12>0
Sincef () <0< f (2),[0is anumber betweeh @ndf (2).]
By the Intermediate Value Theorem, there is a nuralbetween 1 and 2 such that
f(c) =0.

Therefore, the equatiofix® —6x* +3x—2 = Ifas at least one roatin the interval
1, 2).

Takek = 0 in the theorem.

C.LIMITSINVOLVING INFINITY

1. Limitsat Infinity and Horizontal Asymptotes

Definition: Limitsat Infinity

We say thatf X )has the limitL as x approaches infinitye§) and write
Iimf(x)=Lor f(x) - L asx —» o

X 00

if, as x moves further and further away from the originha positive directionf X )
gets arbitrarily close td .

Analogously, we say that x( has the limitM as x approaches minus infinity-¢) and
write  lim f(xX)=M or f(x) - M asx - -

if, as x moves further and further away from the originha negative
direction,f & )gets arbitrarily close ti¥l.

Definition
A liney = L is ahorizontal asymptote of the graph of a functioy = f x( if either
limf(x)=L or lim f(x)=L

X — 00

Example

lim>=0 lim 2 =0

X0 X X——w ¥

The liney = 0Ois a horizontal asymptote of

5
S e e the curvey =—
X

T-10

What can you say about

Tris

o1 .1
I|m—2 and lim —2?
X - 00 X X — —00 X

A

13
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Limit L aws

Supposdim f(x) =L andlimg(x) =M, and lim meanslim or lim .

X — 00 X — —00

1. Uniqueness: lim f (x) = K implies K =L, i.e. a function has at
most one limit ax — oo (or asx —» —).
2. Sum Rule: lim[ f (x) + g(3)] = lim £ (x) +lim g(x) = L + M
3. Difference Rule: lim[f (x) = g(x)] = lim f (x) = lim g(x) = L - M
4. Product Rule: lim f (x)g(x) =lim f(x) dim g(x) = LM
5. Constant Multiple Rule: limkf (x) =k im f(x) =k[L forany kO R
lim f(x)
6. Quotient Rule: lim Y = X=C :L provided M # 0
x-cg(x) limg(x) M
7. Power Rule: lim[ f(x)]" =L", na positive integer
8. Root Rule: limg/ f(x) = YL = L%, n a positive integer
[ If nis even, we assume thian f(x)=L> ] 0
Example
C)
Whenx becomes large, both the numerator and the derboniof v
3K -x-2 become large, so it is not obvious what happerkeg y=06
5x% +4x+1 ——
ratio. L x
3x*=x-2 3112 ol
2 _y— 2 V.2 '
fim X X2 iy Xy XX |
o5 HAx+]l oo B +Ax+l xep 41 |
X x X I'
. 1 2 1 2 |
lim 3-=-— im2=lim> —lim_ < |
M( X xzj_'x'f'l?’ M im e _3-0-0_3
. 4 1) . . 4 . 1 5+0+0
IIm(5+ +2J lim5+Ilim— +lim — 5+0+0 5 y =§ is a horizontal asymptote of
X0 X X Xoe  xow X Xow X 5
, ?—x- 3x* —x -2
Show steps to arrive dtm M = §. thecurve y = ————.
x-—235X“+4x+1 5 SX° +4x+1
(b)
3X+2 3.2 (38,72 .3 .2
>~ 2+ 2 lim|=+— = il
. 3X+2 _r X3 _ )(2-'-)(3 ><~—°°[X2 XsJ_)!Lrpw X2+>!Lrpwxs _O+O
U Rl L I L 4y 4 50 0
X X =4 sl % imfs5- 2] lim5-lim S
x® X - X xomeo e X
2
(©) lim 2>
x-e 3X+1

[Note: In (a) the numerator and the denominator of #t@mal function have the same
degree; in (b) the degree of the numerator istlems the degree of the denominator.

In example (c), the degree of the numerator istgrahan the degree of the denominator;
it will be discussed in the next subsection undénite limits.]

14
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Example
Use the rules for limits at infinity to evaluatestfollowing limits.
. 3x+2 . 2x*+8x+6
a) lim b) lim ———
x-=5X =4 Xoo X =3X+1
Solution:
2
Cax+2 St
lim =lim 2
x-2BX =4 x-e 5%
X
. 2 2
lim|3+— i im<
a) - x*”( X) - !J-I:Tl3+|xlmo X
Iim(5—4] lim5 - lim?
X — 00 X X— 00 X—.DOX
_3+0_3
5-0 5

2. Infinite Limitsand Vertical Asymptotes

Example (a) Let’s try to decide ifIirr(1)i2 exists.
x=0 X

1
As x approaches 0x* also becomes close to 0 ang becomes very large; the values of
X

f(x) :iz do not approach a number. We conclude tin%ltiz does not exist.
X x-0 X

However in this example, the values bfx) :iz can be made arbitrarily large by taking
X

x close enough to 0.

on0 1 . " s . .1 .
We write |IIT(])—2 = o0 in addition to the information thaﬂn‘r(])—2 does not exist ”.
X - X X - X

1 if x>0
-1 if x<O
undefined if x=0

Example (b) Considers(x) = ﬁ =

X .
im—=Iliml=1
x-.0+|)(| x-0"

. X .
im-—=Ilim-1=-1
X-0" |X| X-0"

. X
lim — does not exist.
5 x|

. X . .
But %w [We cannot write this
X

way.]
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Definition of infinite limits

We say thatf (x) approaches infinity ag approaches, and we write
lim f(X) =
if for every positive real numbeB there exists a correspondidg> 0 such that for allx
0<|x-¢<d= f(x)>B
Analogously, we say that x( approaches minus infinity asapproaches, and we
write
lim f(X) = —oo
if for every positive real numbd@ there exists a correspondidg> such that for allx
0<|x-¢<d= f(x)<-B

One-sided infinitelimitslike lim f(x) =, lim f(x) = -0, lim f(X) = and

lim f(x) = -, are similarly defined by confining valuesofo one side of.

Infinite limits at infinity
There are also situations wheten f(x)=co , lim f(x)==co , lim f(X)=c0 or

X - 00

lim f(X)=-co,

X — —00

Definition
A line x = cis avertical asymptote of the graph of a functioly = f x( )f

either lim f(x) =wor—-ew or lim f(x) =co0r—o
X—C X—C

Remark: o and —c are not real numbers; they are symbols. Wrilingf (x) =c or

lim f (x) = —0 does not mean that the limit exists, although éhaxe given the names
X—C

infinite limits.
Example
2x* +5 oy 4+ 5
2 2 - -
m2X S i XX X i X g

x-o 3X+1 x-e (Bx+1)/x x-e IX+L  xow 3+}

X X

2
What aboutlim 2X°+5
x-— 3x+1]

?
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Example:
The following limits do not exist (as real numbeMjrite each limit aso or — .
a) lim —— b) lim c) lim ——

)x~3 X—3 )Xﬂl(x— )? )xﬁz X—2

2 _ -
d) lim X =3 im——* f)
X 2% — 4 x-0 xZ(x+1)
Solution:
a)  lim—2
x-3" X —3

3. Horizontal and Vertical Asymptotes

Finding horizontal and vertical asymptotes of graph of a rational function is quite
easy.

Example:
(). Determine the horizontal asymptote(s) for gnaph of each function defined below.
2x+1 8x* -1
a) f(x)= b) f(X)=———
) 1) X—4 ) 1) 1+ 4% + 6x°
(i) Determine the vertical asymptote(s) for thegn of each function defined below.
-3 2 1
a) f(x)=—— b) f(x)=—— c) f(X)=——
) T X+ 2 ) 1) 1- X )19 x? —5x+4
Solution:
. 2x+1
Ha) f(x=
Xx—4
lim f ()= lim 2 s —o
X0 xae X — 4

Thus the horizontal asymptoteyis 2.

(i) Forvertical asymptote: considerlim f x )andlim f )
-3
X+2

lim =o0Qr—oo ?2?7? lim
X—-2" X+ 2 x--2" X+ 2

a) f(x) =

=o000r—oo ???

Sincef(x) - o asx - =27 [or f(X) - =0 asx - —27],

the vertical asymptote is=—2.
(nby, Nov 2015)
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